We report on the microwave characterization of a novel one-dimensional Josephson metamaterial composed of a chain of asymmetric superconducting quantum interference devices (SQUIDs) with nearest-neighbor coupling through common Josephson junctions. This metamaterial demonstrates a strong Kerr nonlinearity, with a Kerr constant tunable over a wide range, from positive to negative values, by a magnetic flux threading the SQUIDs. The experimental results are in good agreement with the theory of nonlinear effects in Josephson chains. The metamaterial is very promising as an active medium for Josephson traveling-wave parametric amplifiers; its use facilitates phase matching in a four-wave mixing process for efficient parametric gain.
I. INTRODUCTION
In conventional optics, a material whose refractive index n is affected by the intensity of an electric field n ∝ |E| 2 is known as a Kerr medium 1 . Analogous to nonlinear optics, microwave superconducting circuits exhibit the Kerr effect due to a nonlinear response of their kinetic/Josephson inductance that determines the circuit impedance. In superconducting circuits based on Josephson junctions the Kerr effect originates from the φ 2 term in the expansion of the Josephson inductance L(φ) = Φ 0 /(2πI c cos φ), where φ is the superconducting phase across the junction, I c is the junction critical current, and Φ 0 is the magnetic flux quantum. The Kerr effect in superconducting circuits has been used to generate squeezed states of light 2 , traveling-wave parametric amplifiers [3] [4] [5] [6] , and superconducting quantum bits 7 . In this paper, we demonstrate a novel Josephson metamaterial with a Kerr constant tunable over a wide range that includes both positive and negative values. Such a nonlinear medium can find applications in wave-packet rectification 8 , analogues of nematic optical materials 9 , superinductances 10 , and in Josephson traveling-wave parametric amplifiers (JTWPA) 5 , which was the motivation behind the present work. The metamaterial is composed of a one-dimensional chain of asymmetric superconducting quantum interference devices (SQUIDs) with nearest-neighbor coupling through common Josephson junctions Fig. 1(a) . The same magnetic flux threads all SQUIDs to allow for tunability of the chromatic and nonlinear dispersion. Tunable superconducting metamaterials 11 composed of passive 12 , and electrically active meta-atoms such as SQUIDs [13] [14] [15] or flux qubits 16 have been investigated. Below we discuss a novel topology with direct coupling between meta-atoms in a structure with a tunable Kerr constant which can change sign. This design offers significant advantages for several applications, including parametric amplification in a JTWPA. As the magnetic flux on the metamaterial is varied, we observe a monotonic dependence of the chromatic dispersion and a Kerr constant which varies over a wide range from positive to negative. This novel metamaterial compares favorably with the Josephson circuits previously used for parametric amplification 17 in two important aspects. First, the Kerr effect is much stronger and the magnitude of a Kerr constant can be easily tuned by the magnetic flux Φ in the SQUID loops. Second, the sign of the Kerr constant is also flux-dependent, which is an important resource for the development of quantumlimited parametric amplifiers and other superconducting circuits.
II. METAMATERIAL DESIGN
The design of the proposed metamaterial is shown in Fig. 1(a) ; it resembles the design of the Josephson superinductor introduced by us in Ref. 10 . Each unit-cell of length a is composed of two coupled asymmetric SQUIDs with a single smaller Josephson junction with critical current I js0 and capacitance C js in one arm and two larger Josephson junctions with critical current I jl0 = rI js0 and capacitance C jl = rC js in the other arm. Here r is the ratio between the areas of the larger and smaller junctions. The field dependent Josephson inductance of the metamaterial is
where L 0 = ϕ 0 /I js0 , ϕ 0 = Φ 0 /(2π), and φ is the phase difference across a unit-cell. At a critical value r 0 = 4 the first term in L(φ) vanishes at Φ/Φ 0 = 0.5 and the quadratic term dominates 5, 10 . Propagation of electromagnetic waves with wavelengths λ ≫ a in this metamaterial in the absence of dissipation is described by the following nonlinear wave equation for superconducting phases on the nodes between unit-cells ϕ(z, t)
where
C gnd is the distributed capacitance between the metamaterial and the ground plane. The linear (low-power) dispersion relation and solution to Eq. (2) is
and A(z) = A 0 e −i(k+α)z respectively, where
and A 0 is the superconducting phase amplitude, see Ref.
5. Electromagnetic waves which propagate in this metamaterial acquire a phase shift −αz, where z is the direction of propagation along the metamaterial which depends on the intensity |A 0 | 2 analogous to light traveling in a Kerr medium 1, 19 . The Kerr constant γ and thus the intensity dependent phase shift can vary over a wide range with magnetic flux tuning, and can even change sign from positive to negative.
III. MICROWAVE CHARACTERIZATION
To demonstrate the tunable properties of the Josephson metamaterial, several devices were fabricated at Hypres Inc. using the standard Nb/AlOx/Nb trilayer process with a nominal critical current density of 30 A/cm 2 . The devices are shown schematically in Fig.  1(b) . The perforated bottom metal layer M0 (gray) acted as the ground plane; it was separated from the metamaterial structure by 150 nm of SiO 2 . Metal layers M1 (green) and M2 (blue) form the coupled asymmetric SQUID structure of the metamaterial. The Josephson junctions are shown in red, and the vias between M1 and M2 -in green. Fig. 1(c) shows an optical image of the device. The design parameters of two representative devices are listed in Table 1 . The junction critical currents were determined from the Ambegaokar-Baratoff formula 20 using the normal state resistance R N (s,l) of the on-chip smaller and larger test junctions, respectively, measured at room temperature. The variations in the normal state resistance within the same batch of devices did not exceed 1%. Each SQUID in the unit-cell has a loop area of 13 × 7µm 2 and the unit-cell which is composed of two SQUIDs has a length a = 14µm. Each device measured contains 125 unit-cells and have a physical length l = 125a (1.75 mm).
Investigation of the chromatic and nonlinear dispersion in the Josephson metamaterial was performed in a cryogen-free dilution refrigerator with a base temperature of 20 mK. The microwave setup with a bandwidth of 1-12 GHz used for characterization is described in Ref. 21 . The Josephson chain was included in the microwave transmission line, and transmission measurements were performed with an Anritsu 37369A vector network analyzer. A superconducting solenoid was used to provide a uniform magnetic flux bias to all SQUID loops in the metamaterial.
The dispersion of the Josephson metamaterial in the linear (low-power) regime was investigated with the transmission measurements of the phase shift as a function of magnetic flux (Fig. 2) . The linear transmission measurements were performed at a signal power of (−130 dBm) -(−100 dBm), where S 21 was independent of the Device r Cjs (fF) signal intensity. Figure 2 illustrates the low-power phase shift across the metamaterial −lk(Φ, f ) measured for devices 1 and 2. Solid lines are fits to Eq. (3) utilizing the design parameters listed in Table I and I js0 as the only fitting parameter (for brevity only one measurement frequency f = 4 GHz is shown for device 1). The values of I js0 = 0.21 ± 0.01µA, the same for both devices, were slightly lower than I js0 = 0.25µA estimated using the Ambegaokar-Baratoff formula (Table I ). The chromatic dispersion of the metamaterial at Φ/Φ 0 = 0.5 is shown for both devices in Fig. 3 . Solid lines are the expected k(f ) dependence calculated with the initial design parameters in Table I . The effective plasma frequency at Φ/Φ 0 = 0.5 of the elementary unit-cell is f p = [L(Φ = 0.5Φ 0 )(r/2 + 2)C js ] −1/2 /2π which corresponds to 8 GHz and 12 GHz for device 1 and 2, respectively. The phase velocity υ = a/ L(Φ)C gnd for both devices varied between 3 × 10 6 m/s and 1.5 × 10 6 m/s for Φ = 0 and Φ = 0.5Φ 0 , respectively. The characteristic impedance Z = L(Φ)/C gnd of the metamaterial varied between 60 Ω and 145 Ω over the magnetic flux range from 0 to 0.5Φ 0 . Figure 4 shows the main result of this work: the dependence of the microwave phase shift at a signal frequency of 4 GHz as a function of signal power P . An Table I. estimated signal power at the mixing chamber of P 0 = -70 dBm was attenuated at room temperature with a programmable attenuator (Aeroflex 8311) to vary the signal power P to port 1 of the metamaterial. Microwave transmission measurements were performed over several fixed values of the magnetic flux 0 ≤ Φ ≤ Φ 0 /2. For each magnetic flux, the phase across the metamaterial depends on the input power. Near zero field, the phase across the metamaterial decreases with signal power (i.e. a positive Kerr constant), similar to a linear chain of Josephson junctions which would exhibit a non-tunable Kerr constant γ JJ = a 4 /(6ϕ 2 0 L 0 ) 18 . In contrary to a linear chain of junctions, as the magnetic flux increases, the magnitude and sign of the phase shift changes: γ becomes negative at 0.3 ≤ Φ/Φ 0 ≤ 0.5. The magnitude of the Kerr constant in the metamaterial is similar to γ JJ for a linear chain of junctions with critical currents equal to that of the smaller junctions in the metamaterial γ/γ JJ = 2[r/16 + cos(2πΦ/Φ 0 )]. However, the metamaterial can be driven with higher microwave power since the majority of the current flows through the backbone formed by larger critical current junctions. This feature allows for an increase in the dynamic range of JTWPAs composed of this metamaterial in comparison to linear chains of junctions. According to Eq. (4) it was expected that the Kerr constant γ whould change sign at Table I and I js0 = 0.21µA. Best fits were obtained with P 0 = −70 dBm ±1.5 dB as a fitting parameter which takes into account the uncertainty of actual signal power level at Port 1 of the metameterial for different tunings of magnetic flux. The nonlinear wave equation (Eq. (2) ) which describes the behavior of the Josephson metamaterial is in good agreement with the phase measurement data.
A nonlinear medium with a tunable Kerr constant, which can change sign, is very promising for the development of Josephson traveling-wave parametric amplifiers 5 . State-of-the-art JTWPAs rely on a four-wave-mixing process which require perfect phase matching between signal, idler and pump waves propagating along a nonlinear transmission line. In recent works 3,4,22,23 the required relations between chromatic dispersion and self-(SPM) and cross-phase (XPM) modulations were realized by tuning the pump frequency near a pole or band-gap introduced into the nonlinear transmission line via sophisticated dispersion engineering techniques. The unique feature of the studied metamaterial enables phase matching due to compensation of the positive chromatic dispersion between the signal, idler, and pump waves by the negative SPM and XPM . The theory of operation of such a novel JTWPA was described in Ref. 5 .
IV. SUMMARY
In conclusion, we have developed a unique onedimensional Josephson metamaterial whose Kerr constant is tunable over a wide range, and can change sign from positive to negative. The metamaterial is composed of a chain of coupled asymmetric SQUIDs. The dispersion properties of the metamaterial are varied with an external magnetic flux threading each SQUID loop in the array. The transmission measurements of the phase of microwaves propagating along the metamaterial at low and high signal powers verified predictions of a nonlinear wave equation governing the microwave response of the medium. Such a metamaterial can be used as the nonlinear medium for parametric amplification and phase-matching in a four-wave-mixing process in Josephson traveling-wave parametric amplifiers, its use eliminates the need for complex dispersion engineering techniques.
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